ABSTRACT This paper focused on the prescribed performance constraint control issue of vibrating flexible string systems affected by external disturbances. To stabilize the vibration, tackle the external disturbance, and achieve the pre-set performance, a smooth performance function and an error transformation was introduced to construct the boundary constrained controller and disturbance observer. The suggested control can ensure the boundary output constraint convergent to an arbitrarily small residual set with a larger convergence rate, and achieve the asymptotic stability of the controlled system. By selecting appropriate design parameters, the control performance is validated via the obtained simulation results.
INDEX TERMS Boundary control, output constraint, prescribed performance, vibration control.
NOMENCLATURE

L
Length of string ρ
Mass per unit length of string c Damping coefficient of string m Mass of payload and actuator T
Tension of string d(t) External disturbance u(t)
Boundary control input q(y, t) Vibrational offset of string I. INTRODUCTION Boundary control has been regarded as as a practical and efficient approach to stabilize flexible mechanical systems, as it circumvents the control spillover effects resulting from the model reduction method [1] - [3] , and is generally implemented with nonintrusive actuation and sensing [4] - [9] . In recent years, modeling and control for flexible mechanical system with infinite dimensional feature based on partial differential equations (PDE) have achieved rapid development [10] - [28] . To mention a few, in [10] , boundary controllers were put forward to eliminate the vibration of flexible rods in nuclear refueling machines. In [11] - [13] , an iterative learning boundary control framework was devised for an input restricted flexible system. The literatures [14] - [17] studied anti-restriction strategies for the stabilizing and controlling flexible risers and guaranteed the system stability. In [18] , a boundary controller was designed for a wave PDE subject to an uncontrolled boundary, and nonnegative semigroup theory was utilized to analyze the stability of the The associate editor coordinating the review of this article and approving it for publication was Jun Shen.
closed-loop system. In [19] , [20] , using the proposed boundary control scheme, the stabilization of PDE systems was discussed. In [21] , the plate vibration became weakened under the designed robust boundary control, which can also guarantee the exponential stability of the closed-loop system. The authors of [22] investigated the vibration coupling and suppression of manipulator systems in three-dimensional space. In [23] , [24] , three-dimensional (3D) vibrations of unshearable and extensible flexible risers with disturbances were suppressed via boundary simultaneous controllers. In [25] , [26] , the vibrating flexible structures affected by actuator faults and input constraints were stabilized and constrained by designing the boundary schemes. In [27] , boundary antidithering control for flexible robot arms was proposed to determine angle, restrain vibration, and weaken disturbance. In [28] , nonlinear distributed parameter systems were controlled by proposing a boundary adaptive neural control.
As is well known, some physics systems, for instance, high precision requirements system and crucial safety systems, will result in system damage or serious hazards if constraints are violated [29] , [30] . Therefore, control design with output constraints is significant. The most common method of processing constraints is the adaption of the barrier Lyapunov function (BLF), which was well reported in [31] - [34] . In [31] , a vibrating flexible string possessing output-input constraints was stabilized and constrained relying on the BLF-based scheme. In [32] , the vibration abatement and constraint elimination in riser systems were resolved by employing the BLF-based backstepping technique. In [33] , the tension limit and vibration decrease of flexible cranes were attained by using BLF and constructing a cooperative boundary strategy. The authors in [34] presented simultaneous controller to stabilize the output constrained crane systems with resort to BLF. The BLF was used in [31] - [34] to handle the output constraint problems for flexible mechanical systems. Recently, a prescribe performance constraint method for ordinary differential equation systems was recently proposed in [35] . This method can guarantee a prescribed performance of the transient and steady state errors, which has not reported in the control of PDE systems thus far.
In this paper, we aim to develop a control scheme for attenuating the string's vibration, and simultaneously for keeping the transient and steady states in the prescribed bounds. In general, the main contributions lie in: (i) A boundary control with performance function is proposed to suppress the string's vibration with convergence rate larger than a prespecified value. (ii) A disturbance observer (DO) is designed to achieve the dynamic approximation of boundary disturbance. (iii) The invariance principle is exploited to guarantee the asymptotic stability of the infinite-dimensional flexible string system model.
The arrangement of this paper is listed as below. The flexible system model, assumption, and lemma are presented in Section II. A novel boundary control algorithm is put forward and the system stability proof is provided in Section III. Numerical simulations are completed in Section IV and we reach a conclusion in Section V.
II. PROBLEM STATEMENT
A. SYSTEM MODEL First, some notations are given to simply the paper as:
The flexible system model is given directly as [31] , [36] 
Assumption 1: We presume that d varies slowly with respect to the DO dynamics, then derivingḋ = 0.
Lemma 1 ( [37] , [38] ): Let q 1 (y, t), q 2 (y, t) ∈ R, ν > 0 with (y, t) ∈ [0, L] × [0, +∞) and they satisfy the constraint condition as
III. CONTROL DESIGN
In this section, the control objective is the design of boundary control to suppress the vibration and ensure that the boundary deflection of the string achieves a prescribed performance simultaneously.
A. PERFORMANCE FUNCTION
To realize the control objective, we define a smooth performance function µ : R + → R + [35] which satisfies the following conditions: 1) µ(t) > 0 is decreasing, and 2) lim t→∞ µ(t) = µ ∞ > 0. At this time, the following prescribed condition is presented to guarantee the transient performance
Then, we select an exponentially decaying function as a performance function
where µ 0 , µ ∞ , ι > 0.
We define an error transformation function as
where S ( ) is defined as
with being the transformed error. From (5), we derive
Combining (8), (7) gives
Then, we derive the inverse function of S ( ) as
Differentiating (10) with respect to time, we geṫ
Clearly, owing to the properties of error transformation (5) is guaranteed if we are able to keep bounded ∀t ≥ 0.
To stabilize the vibration and guarantee that the boundary deflection of the string e = q(L) tends to zero, and is bounded, the control law is defined as
where β 1 , β 2 , β 3 > 0, and the disturbance observer (DO) d is given as
Then set the Lyapunov function candidate as
where
where η, λ, γ , α > 0. Invoking Lemma 1 and (18), we get (19) where χ = max(λm,γρL 2 +αρL,γρ+αρL) min(ηβ 1 ,ηm,ηT ,ηβ 3 ,η)
.
Rearranging (19) yields
The proper choice of η, λ, γ , α satisfies
Invoking (20) and (21) gives
Taking the derivative of (16) giveṡ
Differentiating E a , substituting (1) and (13) intoĖ a (t), and applying Lemma 1 giveṡ
where σ 1 > 0. The derivative of E b (t), and applying Lemma 1 on (25) leads tȯ
where σ 2 , σ 3 , σ 4 , σ 5 > 0.
Substituting (24) and (25) into (23) giveṡ
The parameters η, λ, γ , α, β 1 ∼ β 3 and σ 1 ∼ σ 5 are selected such that
Applying (27)- (31) to (26), and noting that e µ 2 −e 2 ≥ 0, we geṫ
Theorem 1: When we act on the presented controller and DO (14) and (15) for the considered system (1)-(3) in the presence of bounded initial conditions, it can be concluded that the closed-loop system is asymptotically stable, and if the initial boundary conditions satisfy Assumption 1, then the boundary deflection e = q(L) remains in the set e := {e ∈ R : |e| ≤ µ(0)}.
Proof: Substituting (13) into (3) gives
Before proceeding further, the definition of spaces L 2 and H k L is provided as
At this time, we define the following state space of the studied system
The definition of energy inner-product in the space is presented:
Hereon, the closed-loop system's compact expression is given asψ
with (ψ,ψ) T ∈ , and the operator {Q(t)} t≥0 : → defined as
Invoking (33) , it can be derived that the domain D(Q) of the nonlinear operator Q for the closed-loop system as
the dissipative operator Q in the space is concluded from below
In consequence, the Lumer-Phillips theorem is exploited to yield a generated C 0 semigroup Q(t), which is also a bounded linear operator contracted on for t ≥ 0 [39] . Ultimately, provided that ψ 0 ∈ D(Q) holds, a unique solution, ψ(t) ∈ D(Q), exists for the system (38) , which satisfies ψ(t) = Q(t)ψ 0 , t > 0. Then, using the LaSalle's invariance principle [40] , we conclude that the developed controller (13) can ensure the solution ψ(t) is asymptotically stable as time approaches infinity, thus forcing the boundary deflection e = q(L) to guarantee the prescribed bounds.
IV. SIMULATION
For validating the control performance (13), solutions of the closed-loop system are approximated by exploiting the finite difference method [41] - [45] . System parameters and initial conditions are described as: m = 2.0 kg,
The considered string system is vibrating freely, namely, u(t) = 0, and the 3D representation is shown in Fig. 2 . When the designed control (13) is applied on the considered string system, by selecting design parameters as β 1 = β 2 = β 3 = 10, ω = 40, ι = 1.5, µ 0 = 0.9, and µ ∞ = 0.15, the spatiotemporal response is depicted in Fig. 3 . The end point offset q(L) under the developed control is illustrated in Fig. 4 . The responses of time-varying disturbance tracking are depicted in Figs. 5. The 2D response of u(t) is displayed in Fig. 6 . We perceive from Figs. 2-6 that the constructed control with the auxiliary system is effective to suppress the string's vibration, the end point offset q(L) is limited in the designated area, and the boundary disturbance estimation has a better dynamical performance. Based on the analysis hereinabove, we arrive at a conclusion that the derived control is able to cope with the system constraints and stabilize the string system with prescribed performance.
V. CONCLUSION
This study have investigated a novel boundary control design to guarantee a prescribed performance for flexible string systems possessing external disturbances. By visualizing the prescribed performance characteristic as boundary output constraint and defining an appropriate error transformation, the performance function was incorporated into the boundary control design. The principle of invariance was used for rigorous analysis, and the asymptotic stability of controlled systems was ensured with the designed control law. The control performance was finally verified via the simulation study and analysis. In future, employing the intelligent control methods [46] - [54] for regulating the transient performance of controlled flexible systems is an interesting topic.
